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How to Combine Measurement Uncertainty with Different Units of Measure

Introduction

A couple of months ago, | wrote a 7 step guide to calculate measurement uncertainty.
While the majority of feedback that | received informed me that the guide was helpful, |
also received a few comments that the guide was missing more advanced topics;
specifically, sensitivity coefficients.

Therefore, | decided to write an article to cover the use of sensitivity coefficients and other
equivalent methods to combine uncertainty with different units of measure.

Combining Uncertainty

Combining measurement uncertainty with different units seems to be a common problem
for many estimating uncertainty. However, there is not a lot of detailed information
available in the free measurement uncertainty guides.

Most uncertainty guides cover the topic of sensitivity coefficients, but lack the use of
examples to teach readers how to calculate and use sensitivity coefficients. | believe that
writers of these guides tend to overlook that not all of their readers have Ph.D’s.

So, | decided to cover sensitivity coefficients and two other similar methods to combine
uncertainty with different units of measure in this article. Furthermore, | decided to break
down the process to the beginner level and give you examples to help you learn how to
combine uncertainty with different measurement units.

Methods Used

In this article, | will cover how to combine uncertainty with different units using three
different methods;

e Sensitivity Coefficients
e Fractional Uncertainty
e Mathematical Simulation

Now, fractional uncertainty and mathematical simulation are not typically covered in the
majority of uncertainty guides that | have read. | first read about fractional uncertainty
reading John Taylor’'s “Introduction to Error Analysis.” Mathematical simulation is a process
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that | have not read about anywhere. So, tell me if | wrong when | say that this information
is pretty exclusive to myself. However, | will say that it is pretty much inferred from just
about every math textbook | have ever read for problem solving purposes.

The Example Problem

In this article, we will use the Ohm’s Law equation to demonstrate the application of each
method. To keep it simple, we will use simple, made up values to make demonstration of
use easier to understand.

For simplicity purposes, let's assume that we are dealing with uncertainty values already
reduced to standard deviation equivalents. Furthermore, the results calculated in the
examples are only combined uncertainty calculations and will not be expanded to 95%
confidence.

Below is the Ohm’s Law equation, where ‘E’ represents the value of voltage, ‘I' represents
the value for current, and ‘R’ represents the value for resistance. When we multiply current
and resistance of a simple series electrical circuit (with one resistor), the result is the
voltage present in the circuit.

If you think about calibrating a resistor, we apply a known value of current to a resistor
with an unknown value and observe the voltage drop across the resistor. When we know
the values of voltage and current, we can estimate the value of the resistor by dividing the
voltage value by the current value.
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E=I1R
where,
E=10V,uy=7?
I=1A u=0.003A

R=10Q,ur=0.1Q

10V = 14-10Q

(10V + u,) = (14 £ 0.0034) - (100 £+ 0.1Q)

Combining uncertainty with different units really is not possible. You need to convert your
uncertainty contributors to similar units.

Sensitivity Coefficients

Sensitivity coefficients show the relationship between an individual uncertainty contributor
and the affect it has on the final result.

)
sensitivity coef ficient = ¢; = é

Using our Ohm'’s Law example, | am going to show you how to calculate sensitivity
coefficients. First, look at the Ohm'’s Law equation and the equation for combining
uncertainty.

E=1-R

U, = \/cluf + cu + -+ cpul

Now, use the two equations to develop the equation your will use for combining
uncertainty. Notice that ¢, is your sensitivity coefficient for the current uncertainty and cr is
your sensitivity coefficient for the resistance uncertainty. You should also be aware that u;
is your current uncertainty and ur is your resistance uncertainty.
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uy = ’c,u,z + cru?

Next, look at the equation for calculating sensitivity coefficients. Notice that the sensitivity
coefficient is the change or difference in our function of x (6f) divided by the difference in
difference in the input variable, x (6x).

o
sensitivity coef ficient = ¢; = 6—£

To start, let's calculate the sensitivity coefficient for current. Looking at the equation below,
you need to find the change in voltage caused by the change in current.

Earlier, | gave you the change in current earlier when | provided you the value for the
current uncertainty. You will use the current uncertainty in the Ohm'’s Law equation to find
the change in voltage.

Here is our original equation.

E=I-R

10V =14-10Q

Here is the equation modified to solve for the change in the voltage. By inputting the
known values, we can calculate the change in the calculated voltage.

E + 8E, = [(I + 81) - R]
SE;=[(I+680)-R|—E
SE; = [(14 + 0.0034) - 10Q] — 10V

SE; = 0.030V
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Now that you know the change in voltage caused by the change in current, we can calculate
the sensitivity coefficient for the current uncertainty. Notice that the result is in units volts
per ampere. This is to convert our current uncertainty value in amperes to volts, so you will
combine similar units instead of different units.

6E
CI:E

_0.030V

— — 10V/A
‘1= 0.0034 /

Next, you must repeat this process to calculate the change in voltage caused by the change

in resistance.

E=1I-R

E+8Ezx =1-(R+6R)

SEx =[I-(R+6R)] —E
8Eg = [1A- (10Q + 0.10Q)] — 10V

SEp = 0.10Q

Afterward, use the results to determine the sensitivity coefficient for resistance uncertainty

in units Volts per Ohm.

SE
“® TSR

0.10V
Cp = m = 10V/.Q
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With your newly calculated sensitivity coefficients, it is time to combine uncertainty. Simply
plug in all the known values into the equation below and calculate the combined
uncertainty for voltage. Notice that your sensitivity coefficients convert your uncertainty
values to volts so you can combine similar units of measure.

uy = ’c,u,z + crui

uy = /(10V/A - 0.00304)% + (1.0V/Q - 0.100)2

uy = 4/(0.030V)2 + (0.1V)2

uy = 0.104403V

You have just calculated sensitivity coefficients, and combined uncertainty for contributors
with different units of measure. | know it seems like a lot of work, but it is a necessary
process to properly combine uncertainty using sensitivity coefficients.

Let’s recap the process.
1. Identify the equation

2. Change the input variables (x), one at a time, to calculate the change in the output
variable (y).

3. Use the change in the output value (y) to calculate the sensitivity coefficient (c).
4. Repeat for each variable.

5. Calculate the combined uncertainty.

Fractional Uncertainty

Another method of combining uncertainty with different units of measure is fractional
uncertainty. | read about this method in John Taylor’'s book, “Introduction to Error Analysis.”
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Essentially, you will convert your uncertainty contributors to fractional equivalents in
percentage before combining them.

This is the equation for calculating fractional uncertainty. You find the change in x and
divide it by the absolute value of x to calculate fractional uncertainty in percentage.

ox

fractional uncertainty = ﬁ
Xi

Start with the combined uncertainty equation from our example. Next, input the fractional
uncertainty equation for each uncertainty contributor. Then, use the given values from the
example and input them into the equation.

uy = /u,z + u3
B (61)2 s (6R>2
=\ TR

B (0.0030 A)Z N (0.10 9)2
=1 100

After solving the equation, you have two percentage values. One for current uncertainty
and one for resistance uncertainty.

Finally, combine the values using the root sum of squares method (RSS). The result should
be a combined uncertainty value in percentage. To convert the value to Volts, multiple the
value of voltage by the uncertainty value in percentage to find the value of voltage
uncertainty.

uy =+/(0.30%)2 + (1.0%)2
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u, = 8E = |E| - 1.04403%

uy = 10V -1.04403% = 0.104403V

Notice that this process requires less problem solving because we already know all of the
values for each variable.

Let’s recap the process.

1. Identify the equation

2. Calculate the fractional uncertainty for each contributor.
3. Calculate the combined uncertainty.

4. Convert the result to the desired unit of measure.

Mathematical Simulation

The final method that | will tell you about is simulation. In this method, you will
mathematically simulate the output value of an equation by inputting different values for
the variable 'x.’

This method is very helpful when trying to estimate the magnitude of uncertainty
influences that you are not able to test. Instead, you can use mathematical simulation to
estimate the change in the measurement result.

Similar to finding your sensitivity coefficients, you will use the given values for current and
it's uncertainty in the equation below to calculate the change in voltage. The calculated
result is your new value for current uncertainty in volts. Next, repeat the process for
resistance.

E=I'R

w, =8E, =[(I+8D) R —E

10
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u, = 8E; = [(14 + 0.0034) - 10Q] — 10V

w; = 0.030V

Use the given values for resistance and it's uncertainty in the equation below to calculate
the change in voltage. The calculated result is your new value for resistance uncertainty in
volts.

up = 8Ep = [14 - (10Q + 0.10Q)] — 10V

up = 0.10V

Now that you have calculated the changes in voltage caused by the uncertainty of current
and resistance, it is time to use the root sum of squares equation to combine uncertainty.

Input the two values calculated in the two previous equations and calculate the combined
uncertainty for voltage. The result will be uncertainty of our measurement process.

uy = /u,z + u3

uy =+/0.030V2 + 0.10V2

uy = 0.104403V

Notice that this process is similar to the finding your sensitivity coefficients, but eliminates
the extra steps required to calculate sensitivity coefficients. It requires less problem solving
because we already know all of the values for each variable. Essentially, it saves you time
and reduces the chance of you making a mistake caused by the additional calculations
needed to find sensitivity coefficients.
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Let’'s recap the process.
1. Identify the equation

2. Change the input variables (x), one at a time, to calculate the change in the output
variable (y).

3. Use the change in the output value as the magnitude of your uncertainty's influence.
4. Repeat for each variable.

5. Calculate the combined uncertainty.

Comparison of Methods

To compare the methods | have shown you, let's evaluate the calculated results, the level of
difficulty and the time needed to complete each method.

Looking at the final calculations of each method, you should notice that the result of each
method is the same. First, this should show you that | calculated everything correctly.
Second, it should assure you that you can use any one of these methods without fear of
additional uncertainty in your calculated result.

When assessing the difficultly of these methods, you should consider the ease of use. After
all, you will be the one using this method. Therefore, you should select the method that is
easiest for you to use in your uncertainty analysis. For me, | like to use mathematical
simulation. However, | would anticipate that most people will like to use the fractional
uncertainty method. It is quite easy to use!

If your time is precious to you, select the method that is the quickest for you to complete.
After reviewing each one of these methods, | believe that fractional uncertainty is the
fastest method to complete. There are just fewer steps to perform! This could also infer
that the method should be easy for beginners to learn and apply.

So, if you are a beginner to uncertainty analysis and need to combine uncertainty factors
that have different units of measure, | recommend that you give the fractional uncertainty
method a try first.

After you try it, give me your opinion by contacting me via email. | want to hear your

feedback, opinions, and experiences. | want to know what method worked best for you.

12
©2015 isobudgets llc


mailto:rhogan@isobudgets.com

How to Combine Measurement Uncertainty with Different Units of Measure

Conclusion

In this article, | have taught you three methods to combine measurement uncertainty when
different units of measure are involved. Additionally, | have demonstrated how perform
each method with guidance and examples. Furthermore, | have evaluated the three
methods and offered my personnel recommendations for the preferred method that you
should use.

Now, you should try to perform these methods yourself and tell me which method you
prefer to use and why. If you have problems and need help, email me your questions. | will
be glad to help and answer your questions.
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Help & Feedback

All good things have to come to an end, including this ISO/IEC 17025:2005 preparation
guide. Don't worry. If you need additional help, | am only an email or phone call away from
helping you overcome your challenges. Enjoy this accreditation preparation guide, share it
with your friends, and be sure give me feedback.

Contact Information

Richard Hogan

Phone: 757.525.2004, option 1
Email: rhogan@isobudgets.com

Web: isobudgets.com

Feedback
Please tell me what you think.

What do you like?
What do you hate?
What improvements you would suggest?

HwnN -

Leave me a testimonial.

Testimonials

Want to be famous? Leave me a testimonial and | will put it on my website. Be sure to
include a photo and your contact information.
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